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Abstract. We investigate the BPS equations arising from the theory of multi- intersection 
of D-branes. By using the direct minimization method, we establish sharp existence and 
uniqueness theorems for multiple vortex solutions of the BPS equations over a doubly 
periodic domain and over the full plane, respectively. In particular, we obtain an ex- 
plicit necessary and sufficient condition for the existence of a unique solution for the 
O , doubly periodic domain case. 
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1 Introduction 

Vortices play important roles in many areas of theoretical physics including superconductivity 
theory pT|113|l25| . condensed- matter physics [23.26], optics [5], and cosmology [20!l27il42j , It is Taubes 
who first obtained the rigorous construction of multiple vortex static solutions for the Abelian Higgs 
' model in |25U40[ |4"T]. Since then a great deal of work has been done on various vortex equations, see 



e.g. [71l8l[T6HT9l[2T|[2^[3T|[33|[3^[3^[4^ll6l . Recently, considerable attention has been devoted to the 
studies on nonAbelian multiple vortices in supersymmetric gauge field theory [31l4^[9HTT | [T ^l3"2lJ34] . 
Lieb and Yang [28], Lin and Yang [;29, 30] developed a series of existence and uniqueness theories 
for the multiple vortex equations obtained in [31I4^I5HTT [ [T5 [|3"2"H34] . 

The purpose of this paper is to establish the existence of multiple vortex solutions of the BPS 
equations derived in [38] from the theory of multi- intersection of D-branes. By complexifying the 
variables, we can change the corresponding BPS equations into an I x 1(1 > 2) system of nonlinear 



elliptic equations. Then, using the direct minimization method developed in [28J, we can establish 
the existence and uniqueness of solutions to the BPS equations over a doubly periodic domain 
Q and over the full plane M 2 , respectively. It is worth noting that we can establish an explicit 
necessary and sufficient condition for the existence of a unique solution for the doubly periodic 
domain case and such result is very rare in the existing literature. 

The rest of our paper is organized as follows. In section 2, following Suyama [37.38] we derive the 
BPS equation and state our main results on existence and uniqueness of multiple vortex solutions 
for the BPS equations. Section 3 is devoted to the proof of the existence result in the doubly 
periodic domain case. In section 4 we prove the existence results for the planar case. In section 5 
we summarize our result and draw a conclusion. 
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2 Vortices in Branes 



To formulate our problem, we follow Suyama [37|138| . We consider the following brane configuration 
in Type IIA theory compactified on T 6 . There are Q\ D4-branes and Q2 D4 branes wrapped 
along different directions of T 6 . They intersect over a 3-dimensional hyperplane. The low energy 
effective theory on the D4-D4' intersection is a 3-dimensional gauge theory, whose gauge group is 
U(Q\) x U(Q2)- For simplicity, we assume that D4(D4')-branes are separated from each other. 
Then the gauge group is reduced to ^/(l)^ 1 x U(l)^ 2 . The action is the following, 



s = J d 3 * pr (-^i34 iw - y(^ 1} ) 2 - 



)| 2 



+ 



W2 

E 

m=l 



. J_F {2) F^ ij - ^-(D^) 2 - a 2 \F^\ 2 
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n=l m=l 



, (i, j =0,1,2), 
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n=l 

Q2 
m=l 

Qi 
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n=l 



A^} and A££ are the gauge fields in the Cartan subalgebra of U(Qi) and U{Q2)- 
Assume that £ is positive, without potential we have the vacuum configuration 



,(2) 



c 



! Qmn=0 • 



(2.1) 



(2.2) 



The monopole solution must satisfy this condition at spatial infinity. 

When Qi = I (I > 2), Q% = 1, by the Bogomol'nyi reduction [BJ[25] for the static solutions, 
Suyama [38] obtained the BPS equations of the following form, 

,(i) 



F% 2 ±g*{\q jl \*-Q = o, j = i,...,i, 
1 



(2.3) 

1 

F 1 ( , 2 1 ) 2 T5 2 E(ka| 2 -C)=0, (2.4) 

i=l 

(d x q jX + i (Afl - q jX ) - i (d 2 q jX + i (a« - A$) =0, i = 1, . . . , I. (2.5) 
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Redefining the fields as follows 

A ja = Afl - A®, a = 1,2, Fj = d x A n - d 2 A h , j = l,...,l 
and using suitable re-scaling, the BPS equations (|2.3p - ([2.5p are transformed into 



f j + kill 2 + Yl l»il 2 - (* + 1) = o, j = i, ■ ■ ■ ,i, 



i=l 



{diqji + iA^qji) - i(d 2 qji + iA h qji) = 0, j = 1, . . . , I, 



(2.6) 

(2.7) 
(2.8) 



where we take lower sign in 

For convenience we complexify the variables. Let 

z = x 1 + ix 2 , A j = A jl +iA j2 , d=^(di-id 2 ), d=^(d 1 +id 2 

Hence, noting that dd = jA, the BPS equations (I2.7j) - (l2.8p are transformed into 

Aln^l 2 = \ qjl \ 2 + ^2\q a \ 2 -(l + l), j = 1,...,/, 

i=i 



(2.9) 



away from the zeros of qn, . . . , qi\. As in [25J, we can see from the equation (j2.9|) that the zeros of 
gn, . . . , qn are discrete and of integer multiplicities. Now we denote the zeros of qj\ by Z gjl , 



Z %\ = • • • iP^Nj}, j = 1, • • • J 



(2.10) 



such that the repetitions among the points take account of the multiplicities of these zeroes. Then 
the substitutions 

Uj = ln\q jl \ 2 , j = l,...,l 
transform the equations (|2.9p into the following nonlinear elliptic system 

l 

A Uj = e u > + e Ui ~ (I + 1) + 4tt^ S p . s (x), j = l,...,l, (2.11) 

i=l s=l 

defined over the entire domain. 

Throughout this paper we will use the following notations. Let u = (m, . . . , ui) T , v = (yx,..., vi) T 
U = (e ni , . . . , e Ul ) T , and A = (dij)u be the I x I matrix 



A 



(2 1 1 .. 




12 1.. 


. 1 


112.. 


. 1 



For vectors a = (a 1; . . . , a;) T , b 



\in... V 



, b{) T , we denote a > (>)b if a, > (>)6«, % = 1, . . . , I. 



Now the equations (|2.1ip can be written in the vector form 

Au = AU - c, 



(2.12) 
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where 

c = (ci,...,q) with cj = (I + 1) - 4-7T ^ 6 P . s (x), j = l,...,l. 

s=l 

We are interested in two cases. In the first case the equations will be studied over a doubly 
periodic domain f2, governing multiple vortices hosted in $7 such that the field configurations are 
subject to the 't Hooft boundary condition [22H3HH6] under which periodicity is achieved modulo 
gauge transformations. In the second case the equations is studied over the full plane M 2 and the 
solutions satisfy the boundary condition 

Uj — > as |x| — > oo, j = l,...,l. (2-13) 

Now we can state our main results concerning the existence and uniqueness of solutions to the 
BPS equations §27B)- $L8§ as the following. 

Theorem 2.1 Consider the BPS system of multiple vortex equation (|2.7p - (|2.8|) for 

(qn , . . . , qn , A\ 1 , . . . , , A\ 2 , . . . , Ai 2 ) with prescribed sets of zeros given by (|2.10p such that qji 

have Nj arbitrarily distributed zeros, j = 1, . . . , I. 

(i) For the problem over a doubly periodic domain 0,, a solution exists if and only if 

max ! N \ < ([+ ffl . (2.14) 
Furthermore, if there exits a solution, it must be unique. 

(ii) For the problem over the full plane M. 2 subjected to the boundary condition 

\qjl\ — > 1, as\x\ — > oo, j = l,...,l, (2.15) 

there exists a unique solution up to gauge transformations such that the boundary behavior (|2,15p 
is reached exponentially fast. 

In either case, the total vortex fluxes are quantized quantities given by 



J Fjdx = AttNj, j = 1, . . . , I. (2.16) 

Remark 1 Noting the notations (|2.6p . we can obtain the same existence result for the original 
BPS equations (l23D-(l231l. 

Remark 2 For the first part of the theorem, it can also be proved by a constrained minimization 
method developed in JJJJj] and chapter 4 of 14$ , where a more general elliptic system was studied. 
However, in this paper we will prove it by using a direct minimization method developed in 128], 
which is more direct and powerful. In fact, following the direct minimization method used here, we 
can prove Theorem 1 in \4-5^ . 
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3 Proof of existence for doubly periodic case 



We consider the problem (|2.7|) - (|2.8p over a doubly periodic domain 0. 
Let be the solution to 

Ni 

A«5 = 47rJ]*p i> .(aj)--^p, * G ^ j = 1, - . - , Z. (3.1) 
Set = Uj + Vj, j = 1, . . . , I, and the equations (|2.13p are transformed into 

Avj = e ^ + j2e^-(l + l) + ^L, j = l I. (3.2) 

i=l ' ' 

First we show that the condition (|2.14p is necessary. If v = (v\, . . . ,vi) is a solution to the 
equations (|3.ip . integrating the equations over O, we can obtain 



/* A 

/ e"° +v Mz = \n\ - AttNj + j-^j J2 N i = K 3 > °> i = !> • • ■ 



(3.3) 



Then (gUj) and (2.16) follows. 

Next we prove that (|2.14j) is also sufficient for existence. In other words, we will prove that 
under the condition (|2.14|) the elliptic system (|2.11[) admits a unique classical solution by the direct 
minimization method developed in |28j . 

Let a = (en, ... , a{) T with 



We can rewrite the equations (j3.2j) in a vector form 



Av = AXJ - a, 



(3.4) 



To find a variational principle, we need to use the property of the matrix A. It is easy to check 
that the matrix A is positive definite. Then, by Cholesky decomposition theorem |14j . we see that 
there exists a unique I x I lower triangular matrix L = (Z,,-) with 



L u = v 


r aii = v2, Lji - 


_ a n _ 1 




3-1 






a 33 ~ Yl L h = \ 






fc=l \ 


fc=l 




fc-1 


fc-1 



j = l,...,l, 



L 



a jk — Yl Ljk'Lkk' 1 — S Lj k iL kk i 

k'=l fc'=l 



£fcfc 



-kfcfc 



j = fc + l,...,Z, k = 2,...,l 
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such that 

A = LL T (3.5) 
Let w = (w\, . . . , W[) T , we introduce the transformation 

w = L _1 v or v = Lw (3-6) 

Let b = L _1 a. Then the equation (|3.2p becomes 



Aw = L T U - b. (3.7) 
Set K = (Ki, ... , Ki) T . Hence, by (J377]) and ([S3]) , we have 

K = |n|(L T ) _1 b or b = -i-L T K. (3.8) 
We write (|3.7p in the component form 

I ( k \ 

= ^2 Lk i eXP \ U k + ^2 L kk'Wk> - bj, j = l,..., I. (3.9) 
k=j V fe'=l / 

It is easy to check that the above system of equations (|3.9p are the Euler-Lagrange equations 



/ \ 77 | Vu;i| 2 + V" exp ( u° + V] Ljfc'^fc' | - biWi \ dx. (3.10) 



of the functional 

/(w) = I(wi, ...,wi) 

Let TV 1 ' 2 (12) be the usual Sobolev space of scalar-valued or vector-valued Q- periodic L 2 func- 
tions with their derivatives also in L 2 (Q). For W 1,2 (Q) in scalar case, we have the decomposition 

W 1 ' 2 ^) = R®W 1 ' 2 {Q) 
such that any w £ W l,2 {Q) can be expressed as 

w = w + w, toel, w £ IF 1 ' 2 ^), wdx = 0. (3.11) 
For any function w G W" 1,2 (J2), there holds the Trudinger-Moser inequality 



e^dx < Cexp ( — / \Vw\ 2 dx ) , (3.12) 

1 l07T ' ' 



n 



which is important for our estimate. 

When w 6 W l,2 {Q), using the above inequality (|3.12|) we see that the functional defined by 
(|3.10p is a C 1 functional and lower semi-continuous with respect to the weak topology of W 1,2 {VL). 

For w G W 1,2 (Q), applying (13. 6p . (j3.8j) and the decomposition formula (I3.1ip . we have 

J(w) = / {- V|V^| 2 ldx + / Ve U0+ ^dx-K T v 
^ I 2 i= i J ^ i=i 

= / iJEi v ^i 2 l d;c + / iz euo+iii+ - idx -ii K ^ ( 3 - 13 ) 
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Using Jensen's inequality, we obtain 



= \n\exp(-^Ju'idx]e^=ai^, i = l,...,l. (3.14) 

Using the condition (|2.14p . we have Ki > 0,i = 1, . . . , I. Then, combining f)3. 13|) and (|3.14p . we 

have 

J(w)- 




(3.15) 

From (|3.15p we can see that the functional /(w) is bounded from below in W 1,2 (yt) and the 
following minimization problem 

7] = inf {/(w)|w G W 1,2 (n)} (3.16) 

is well-defined. 

Let . . . , itfp^ | be a minimizing sequence of (|3.16p . It is easy to see that the func- 

tion F(t) = ae l — rjt, where a, r\ are positive constants, satisfies the property that F(t) — > +oo 
as t — > ±oo. Then, we infer from f)3. 15|) that (i = are bounded. As a result, 

(i = 1, . . . , /) are bounded. Then, the sequences j (i = 1, • • • , I) admit convergent sub- 

sequences, still denoted by ^(i = 1, • • • ,1) for convenience. Then, there exist I real numbers 

w[ , . . . ,w^°°* > G R such that wj- — > wf° ,i = 1, . . . , I, as k — > oo. 

In addition, using (|3.15p . we conclude that |Vit>^|(i = 1,...,Z) are bounded in L 2 (Q). 

Therefore, it follows from the Poincare inequality that the sequences = are 

bounded in TU 1,2 (f2). Consequently, the sequences j^-^ j (i = 1, • • • , I) admit weakly convergent 

subsequences, still denoted by jwj^ j (i = 1, ... ,1) for convenience. Then, there exist I functions 

G w lfi (Sl) (i = 1, . . . , such that wf ] -> wJ oo) weakly in W l ' 2 (U) as k oo (* = 1, . . . , I). 
Of course, G W 1 ' 2 ^) (i = l,...,l). 

Set w^ 00 ^ = wf X) ' > + (i = 1, . . . ,/), which are all in W 1,2 (Q) naturally. Then, the above 
convergence implies — > w^ 00 ^ (i = 1, . . . , I) weakly in W 1,2 (fl) as k — > oo. Since the functional 
/(w) is weakly lower semi-continuous in W 1,2 (Q), we conclude that . . . , u^ 00 " 1 ) is a solution 

of the minimization problem (|3. 16[) and is a critical point of /(w). As a critical point of /(w), it 
satisfies the system (I3.9p . 

Noting that the matrix A is positive, it is easy to check that /(w) is strictly convex in W 1,2 (Vt). 
Then, it has at most one critical point in /(w), which implies the uniqueness of the solution to the 
equations (|3.9p . 
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4 Proof of existence for the planar case 



Now we investigate the BPS equations (|2.7p - (|2.8p over the full plane with the boundary condition 
(|2.15p . To this end, it is equivalent to study the nonlinear elliptic system (|2.1ip or (|2.12p with the 
boundary condition (|2.13p . It is not difficult to check that the matrix A in (|2.12p is positive definite 
and its eigenvalues of are Ai = I + 1, A2 = A3 = • • • = A/ = 1. Now, we can apply Theorem 1 in [35] 
to complete the proof of second part of Theorem 2.1. For completeness, we sketch the proof here. 
As in [451146] we introduce the background function 



k=l 



Then we have 



4/i 



^ (1 + \x -Pj,k\ 2 ) 2 



k=l 



,j = 1, ... ,1. 



Let uj = Vj + Uj, j = 1, . . . , I, then the system (|2.11|) become 



Avj = e «?-N»i + £ e «?+* — (/ + 1) + 5j, j = 1, . . . ,1. 



i=i 



As before we use the transformation (j3.6|) to change (14. lh into 



Aw i = E L kj I ex P 

k=j \ 



u k+^2 L M' w k' 



k'=l 



1 \ -h 



■Ji 



j = 1, . . . ,1, 



where 



h= (h 1 ,...,hi) T = L x g, g = (51, . . . ,gi) T . 
It is easy to check that (I4.2p are the Euler-Lagrange equations of the following functional 

l l 



2 .7 = 1 .7 = 1 



+E exp 

i=i V 



fe=l 



k=l 



(4.1) 



(4.2) 



(4.3) 



Following the technical proof of Theorem 2 in |45j . we can obtain the coerciveness of I over 
W 1,2 (M. 2 ), 

I 1 1 
(DJ(w))(w) > Ci E IKIl£ 2 (R 2 ) + E W Vw i\\LH 



Co 



(4.4) 



i=i 



where C\,C2 are positive constants. 
Consider the minimization problem 



770 = inf { J(w)| w G W 1 ' 2 (R 2 )}. 



(4.5) 
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It can be checked that the functional I is C , strictly convex and lower semicontinuous over 
Ty 1 ' 2 (M 2 ). Noting the estimate (jO|) . we can show that the functional I admits a unique criti- 
cal point in W 1,2 (M?). Then this critical point must be the solution of the original system (|4.2p . 
The decay estimate of the solutions at infinity follows a standard approach as in |45|I46|. 

5 Conclusions 

We have carried out a rigorous analysis of the BPS equation derived from the theory of multi- 
intersections of I (I > 2) D4-branes and 1 D4-brane. The BPS equations are discussed in two 
situations. In the first situation the equations are studied over a doubly periodic domain. In the 
second situation the equations are studied over the full plane. Via the direct minimization method 
we establish a sharp existence and uniqueness theorem for multiple vortex solutions of the BPS 
equations. We find an explicit necessary and sufficient condition for the existence of a unique 
solution for the doubly periodic domain case. By the obtained vortex solutions we can interpret 
them as DO-branes on the intersections. 
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